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GAP THEOREMS FOR RICCI-HARMONIC SOLITONS 


HOMARE TADANO 

Abstract. In the present paper, by using estimates for the generalized Ricci curvature, 
we shall give some gap theorems for Ricci-harmonic solitons showing some necessary 
and sufficient conditions for the solitons to be harmonic-Einstein. Our results may be 
regarded as a generalization of recent works by H. Li, and M. Fernandez-Lopez and E. 
Garcia-Rio. 


1. Introduction 

The geometric heat flow is one of the most powerful tool in mathematics, and has 
been studied extensively. Such a study originated from the celebrated work [5] of the 
harmonic map heat flow by Eells and Sampson. 

1.1. The harmonic map heat flow. Let (A 4,g) and (A f,h) be two complete Rie- 
mannian manifolds of dimension m and n, respectively. We assume that A4 is compact. 
In 1964, Eells and Sampson [5j introduced the harmonic map heat flow 

I * 1 - 1 ) = Tg(/>(t), <f>{0) = (j) 0 

to find a harmonic map homotopic to a given map fo : (A4 , g) —> (A f,h), where <fi(t) : 
(A i,g) —> (A f,h) is a family of smooth maps between two manifolds and r g (f>(t) : = 
traceVd^(f) denotes the tension field of <fi(t) with respect to the metric g. They solved 
the problem when the target manifold (A/", h) has non-positive sectional curvature. We 
refer the reader to the survey articles OS! for basic facts about the harmonic map. 

Inspired by the idea of Eells and Sampson [5], Hamilton [9] introduced the Ricci flow. 

1.2. The Ricci flow. Let (A 4,g(t)) be a family of compact m-dimensional Riemannian 
manifolds with Riemannian metrics g(t) evolving by the following Ricci flow: 

(1-2) ^(f) = -2Ric 9(t) , g{0) = g o , 

where Ric ff ( t ) denotes the Ricci tensor with respect to the metric g{t) and go is an initial 
Riemannian metric on A4. In 2002, Perelman ra proved the Poincare conjecture by 
using the Ricci flow. Recently, the Ricci flow has achieved great success to find canon¬ 
ical metrics on Riemannian manifolds, and has been an important tool in differential 
geometry. We refer the reader to the book j2] for basic facts about the Ricci flow. 

The above two flows were combined by Muller in the following way: 
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1.3. The Ricci-harmonic flow. Let ( A4,g(t )) be a family of complete m -dimensional 
Riemannian manifolds with Riemannian metrics g(t ) evolving by the following Ricci- 
harmonic flow: 


| t|(£) = -2Ric s(t) +2a(t)V<l>{t) ® V0(t), g(0) = g 0 , 

{^(t) 0(0) =0 O , 


where a(t) ^ 0 is a non-negative time-dependent coupling constant, 0(f) : (Ai,g(t)) —> 
(A/", /?,) is a family of smooth maps between (M,g(t)) and a fixed complete Riemannian 
manifold (A f,h), and V0(f) <g) V0(f) := 0(f)*/i is the pull-back of the metric /i via 
0(f). The flow was introduced by Muller [13] to And a harmonic map between two 
manifolds. The short time existence of the flow is proved. A typical example would 
be the List’s extended Ricci flow mi introduced by its connection to general relativity 
that the stationary points correspond to the static Einstein vacuum equations. More 
examples can be found in [13] . 


Surprisingly, the Ricci-harmonic flow has better properties than the harmonic map 
heat flow or the Ricci flow alone. In fact, if the curvature of (M,g(t)) is uniformly 
bounded, then by taking the coupling constant a(t) suitably, we can control the deriva¬ 
tive of the map 0(f), and the long-time existence for the flow follows. Hence, the Ricci- 
harmonic flow may be useful to And a harmonic map between two Riemannian manifolds. 
Furthermore, many authors pointed out that the Ricci-harmonic Aow shares good prop¬ 
erties with the Ricci Aow. For instance, as in the Perelman’s work [14], Muller introduced 
the J r Q -functional and the W a -functional for the Ricci-harmonic Aow and established cor¬ 
responding theory, such as, the no breather theorem, the non-collapsing theorem [13], 
the monotonicity formula [ 12 ]. By denoting J^(t) := Ric s (q —ct(t)V0(f) <g) V0(f), the 
Arst equation in (11.31) can be written as 

§f(<) = -2 y(t). 

As with the Ricci Aow, under (11.31) . some differential Harnack inequalities for the heat 
equation are obtained mm- 

In the present paper, we focus on the soliton-type solution of the flow (11.31) . 


1.4. The Ricci-harmonic soliton. Let (A 4,g) and (A/", h) be two static complete Rie¬ 
mannian manifolds of dimension m and n, respectively. Let 0 : (Ad, g) —> (A f, h ) be a 
smooth map between (Ai,g) and (A f,h), f : Ad —* R a smooth function on Ad, and 
A G R a real number. 


Definition 1.4 (Williams [T7]). The 4-tuple ((Ad, ^), (A/ - ,/i), 0, A) is called harmonic- 
Einstein if it satisffes the following coupled system: 


J Ric 3 —oV0 ® V0 = A g, 

l t 9 0 = 0, 


where Ric 9 denotes the Ricci tensor with respect to the metric j, «6l is a constant, 
V0 <E> V0 := (j)*h is the pull-back of the metric h via 0, and r 9 0 := traceVd0 denotes 
the tension held of 0 with respect to g. 
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Definition 1.6 (Muller |T3]). The 5-tuple ((A4,g), (Af, h ), 0, /, A) is called a Ricci-harmonic 
soliton if it satisfies the following coupled system: 


( Ric 9 — aV0 ® V0 + Hess / = \g, 
l Tgfi — (V0, V/) , 


where a ^ 0 is a non-negative constant and Hess / denotes the Hessian of /. We say 
that the soliton ((A4,g), (Af, h ), 0, /, A) is shrinking, steady and expanding described as 
A > 0, A = 0, and A < 0, respectively. If / is constant in (11.71) . then the soliton is 
harmonic-Einstein. In such a case, we say that the soliton is trivial. 


Definition 1.8. A Ricci-harmonic soliton ((Ad, g), (Af, h ), 0, /, A) is normalized if its po¬ 
tential function / satisfies 

(1.9) f f = 0. 

Jm 

The soliton (II.7ft above corresponds to a self-similar solution for the coupled system 
(1 1 . 3 [) . Note that, if (J\f, h ) = (R, dr 2 ) and 0 : (Ad, g) —> (R, dr 2 ) is a constant function in 
(CD, then the soliton is exactly a gradient Ricci soliton. Recently, corresponding theory 
has been established for Ricci-harmonic solitons. For instance, Williams HU proved 
that any steady or expanding Ricci-harmonic soliton with a compact domain manifold 
must be trivial. Following the work by Cao and Zhou |jT], Yang and Shen [18] gave a 
volume growth estimate for complete non-compact domain manifolds of shrinking Ricci- 
harmonic solitons. Recently, the author obtained a lower diameter bound for compact 
domain manifolds of shrinking Ricci-harmonic solitons [T6] . 

The aim of the present paper is to give some gap theorems for Ricci-harmonic solitons 
by showing necessary and sufficient conditions for the solitons to be harmonic-Einstein. 
The same observations were made for the Ricci soliton on Kahler manifolds [lOj and 
Riemannian manifolds 6] . Our main theorem is the following: 

Theorem EUl Let ((Ad, g), (Af, h), 0, /, A) be a shrinking Ricci-harmonic soliton satisfy- 
ing (11.71) . Suppose that the domain manifold Ad is compact and the soliton is normalized 
in sense of (II .9j) . Then there exists a non-negative constant 5 <C 1 such that, if 

Ric g —ccV0 ( 8 ) V0 ^ (A — 5)g, 
then the soliton is harmonic-Einstein. 


Remark 1.10. In Theorem 13.51 above. <5^0 depends only on the dimension m of Ad and 
the average A = vol{ \ 4 g) f M ||V/|| 2 of the L 2 -norm of V/. Moreover, the proof shows 
that 5 can be expressed explicitly in terms of m and A. 

Roughly speaking, the above result shows that, if the generalized Ricci curvature of a 
Ricci-harmonic soliton is sufficiently close to that of a trivial soliton, then the soliton must 
be trivial. Hence, Theorem 13.51 above gives us a gap phenomenon between non-trivial 
Ricci-harmonic solitons and trivial ones. We conclude this introduction by remarking 
that, if (Af, h) = (R, dr 2 ) and 0 : (Ad, g) —> (R, dr 2 ) is a constant function in (11.71) . then 
our Theorem 13.51 gives us a new gap theorem for the Ricci soliton. 

This paper is organized as follows: In Section 2, by introducing notations and defini¬ 
tions, we give some lemmas playing an important role in this paper. Ending with Section 
3, a proof for Theorem 13.51 will be given. 
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2. Preriminaries 


In this section, we provide some formulas and lemmas playing an important role in 
the present paper. First, by taking the trace of the first equation in (11.71) . we have 

(2.1) R — a\S7 <f\ 2 + A/ = nX, 

where R := Rij denotes the scalar curvature on ( M,g ). 

Lemma 2.2 (Miiller |T3j). Let ((A4, g), (A/", h),0, /, A) be a shrinking Ricci-harmonic 
soliton satisfying (11.71) . Then there exists some real constant C\ G M such that 

(2.3) R — ct|V0| 2 + |V/| 2 — 2Xf = Ci. 

Proof. First, taking a covariant derivative of the first equation in (II.7p . we obtain 

V/,/.’,; - oY/,( V,oY,o) + YfcVjV jf = 0. 

Subtracting the same equation with indices i and k interchanged, we have 

Y k Rij - ViR kj - a(V ifV$ - Yj^ViV^) + i2 Wj - p Y p f = 0. 

Tracing just above with g k] yields 

V jRij - Y {R - a (vifTgf - ^Y,;|Y0| 2 ^ + R ip V p f = 0. 

Using the contracted second Bianchi identity V jRij = |V \R and plugging in both equa¬ 
tions of flL?P for R ip and for r g (j), we obtain 

-^V,(/f - a|V0| 2 + |V/| 2 - 2A/) = 0. 

This proves Lemma [2.21 □ 

For simplicity, we put 

(2.4) 5? := Ric g — Y0 ® Y0 

and refer to (12.41) as a generalized Ricci curvature. We denote by 

m 

(2.5) 5 := U) -H- «| V(^| 2 

i =1 

the trace of the generalized Ricci curvature, where is an orthonormal frame of 

(A 4,g). We call (12.51) a generalized scalar curvature. In view of (12.51) . the equation (12.11) 
and (12.31) are written as 

(2.6) S + A / = mX 
and 

(2.7) S + ||V/|| 2 — 2Xf = Ci, 
respectively. Then by taking the difference of (12.61) and (12.71) . we have 

(2.8) A/-||V/ir + 2A/ = C 2 , 

where C 2 = mX — Cj. By (12.71) and the first equation in (11.71) . we obtain 

(2.9) y(Vf, .) = ids. 

The following lemma plays a crucial role in this paper: 
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Lemma 2.10. Let ((At, g), (Af, h), A) 6e a shrinking Ricci-harmonic soliton satis- 
fying (11.71) . Suppose that the domain manifold M. is compact. Then the following holds: 

(2.11) / ||He S s/|| 2 < f S>{Vf,Vf) = \( (A/) 2 , 

J M J M z J M 

(2.12) [ (A /) 2 = [ (( m + 2)X-S)\\Vf\\\ and 

J M J M 

(2.13) ||V/|| 2 ^ S'max — S, 

where S max denotes the maximum value of the generalized scalar curvature. 


Proof. First, we have 


1a|| V/|| 2 = HHess/f + g(Vf, VA/) + Ric a (V/, V/) 

= l|Hess/|| 2 - g(Vf, VS) + Ric g (Vf, V/) (due to O) 
> IIHess/1| 2 - y(Vf, V/), (due to tfZ9|)) 


where the last inequality follows from aVf ® V(f>(Vf, V/) / 0. By integrating both 
sides of the last inequality, we have 


[ ||Hess/|| 2 ^ / y(Vf,Vf). 
Jm Jm 

Then 

/ (A/) 2 = - / SAf 
Jm Jm 

= I g(VS,Vf) — 2 / ^(V/,V/), 
Jm Jm 

which proves (12.111) . Secondly, we have 

/ (A/) 2 = 2 / Y(Vf,Vf) 

Jm Jm 

= 2\[ ||V/|| 2 - 2 / Hess/(V/,V/) 
Jm Jm 

= 2\[ || V/|| 2 — f g(Vf, V||V/|| 2 ) 
Jm Jm 

= 2X[ ||V/|| 2 + f ||V/|| 2 A/ 

Jm 

= (m + 2)X f ||V/|| 2 — f S'HV/H 2 
Jm Jm 


(due to (12.61) 1 
(due to (12.91) ) 


(due to (12.111) 1 


(due to (12.61) 1 


and ( 12 . 121 ) follows. Here, in the last third equality above, we have used a property 
of the Levi-Civita connection. Finally, in order to prove ( 12 . 131 ) . recall from ( 12 . 71 ) that 
2 Xf = S + || V/1| 2 — Ci for some constant C\. By compactness of the domain manifold 
A4, there exists some global maximum point p G Af of the potential function. Then, it 
follows from (I2.7j) that for any point x G Al, 


2A/(p) = S(p) - C x > 2Xf{x) = Six) + ||V/|| 2 (x) - C lf 
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and hence, S(p ) ^ S(x). Therefore, the generalized scalar curvature also attains its 
maximum at p, and we obtain (12.1 3D . □ 


3. Gap Theorems 


In this section, we extend gap theorems for compact Kahler-Ricci solitons ra and for 
compact gradient Ricci solitons [6] to the case of Ricci-harmonic solitons with a compact 
domain manifold. First, note that, if a Ricci-harmonic soliton ((At, g), (A/", h), 0, A) is 
trivial, then the generalized scalar curvature S on A4 satisfies 

S = 7n\, therefore, S ma , x = mX. 

The following result characterizes triviality for a Ricci-harmonic soliton by using an 
upper bound for S max — mX in terms of the average of the L 2 -norm of V/: 


Theorem 3.1. Let ((Af, g), (Af, h), f>, f, A) be a shrinking Ricci-harmonic soliton sat¬ 
isfying (1 1. 71) . Suppose that the domain manifold Af is compact. Then the soliton is 
harmonic-Einstein if and only if 


‘S'max rnX 


< 



1 

vol (M,g) 



l|V/|| 2 . 


Proof. The result is obvious if the soliton is trivial, since in such a case the potential 
function is constant. Conversely, we have 


' M 


[ nv/ir- 

- [ S1IV/II 2 

(due 

to 

(TO) 

Jm 

Jm 




1 liv/ll 2 - 

-S max l s+ I s 2 

(due 

to 

(12T3D) 

Jm 

Jm Jm 




1 nv/ir- 

Jm 

- mXS max vo\(M, g) 

(due 

to 

») 


which yields 


+ nr A 2 vol(Af, g) + / (Af) 2 , 

JM 


Sjnax -mA> 1 -I- 


liv/ll 2 . 


mj vol(Af,g) J M 

Hence, by the assumption in Theorem 13.11 the equality just above must be achieved. 
This shows that the equality in (I2.13p must also attain. Therefore, by (12.71) we have 

2A/ — S + Ci — || V/|| 2 = S max — S, 

equivalently, 2 Xf = S max — C\. Hence, the potential function is constant and the soliton 
is trivial. □ 


In view of (11.71) and (12.111) . on any compact Ricci-harmonic soliton ((M,g), (Af, h ), </>, /, A), 
we have 

/ \\y — Xg\\ 2 ^ [ y(vf,wf). 

Jm Jm 

Hence, if f M y(Vf, V/) ^ 0, then the soliton must be trivial. Therefore, the quantity 
f M y(Vf, V/) measures the difference of the soliton from being harmonic-Einstein. The 
following result characterizes triviality of the soliton by giving an upper bound of this 
quantity: 
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Theorem 3.2. Let ((A4, g), (A/", h), 0, /, A) be a shrinking Ricci-harmonic soliton sat¬ 
isfying (11.71) . Suppose that the domain manifold Ai is compact. Then the soliton is 
harmonic-Einstein if and only if 

[ s?(Vf,Vf)^S[ ||V/|| 2 , 

J M z JM 

where Ai denotes the first non-zero eigenvalue of the Laplacian for ( Ai,g ). 

Proof. The result is obvious if the soliton is trivial. To prove that the soliton is trivial, 
we first note that any smooth function / E C°°(Ai) satisfies 

Ai [ IIV/II 2 < [ (A/) 2 . 

Jm J m 

Therefore, by (12. lip and the assumption in Theorem 13.21 we see that the potential 
function / satisfies 

(3-3) A, [ ||V/|| 2 = [ (A/) 2 , 

Jm Jm 

and hence, the function / is an eigenfunction of the Laplacian for ( A4,g) associated 
with Ai. Then, it follows from (12.9(1 that (2A — Ai)/ = ||V/|| 2 + C 2 . In the case that 
2A — Ai 0, since V/ vanishes at any local extrema of /, we have 

/■ = f = 

which shows that the potential function is constant and the soliton is trivial. In the case 
that 2A — Ai = 0, since we have 0 = ||V/|| 2 + C 2 , the same argument as in the previous 
case allows us to obtain C 2 = 0, which shows that the potential function is also constant 
and the soliton is trivial. □ 

Remark 3.4. I 11 jTQj Theorem 1.1] and [6], Theorem 2.6], symbolic gap theorems for Ricci 
solitons are given. However, the same argument does not hold for Ricci-harmonic solitons 
unless 0 is a constant map. 

The following result shows that, if the generalized Ricci curvature of a Ricci-harmonic 
soliton is sufficiently close to that of a trivial soliton, then the soliton must be trivial. 
See [in, 0 IS] for the same gap theorems for compact Kahler-Ricci solitons, compact 
Riemannian Ricci solitons, and compact Sasaki-Ricci solitons, respectively. 

Theorem 3.5. Let ((Ai, g), (Af, h), 0, /, A) be a shrinking Ricci-harmonic soliton satisfy¬ 
ing JO. Suppose that the domain manifold Ai is compact and the soliton is normalized 
in sense of (II.9(1 . Then, there exists a non-negative constant d C 1 such that if 

Ric g —oV0 ( 8 ) V0 ^ (A — 5)g, 

then the soliton is harmonic-Einstein. 

Proof. We here assume that the soliton is non-trivial and deduce a contradiction. For 
simplicity, we put 

A : = — ufj —\ [ IIV/II 2 . 

vol (M,g) J M 

Then by (j2.9|) and the normalization (jl.9j) . we have 

(3.6) A/-||V/|| 2 + 2A/ = -A. 
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We assume that XA ^ Kg for some positive constant K > 0. Then, the generalized 
scalar curvature satisfies S ^ rriK and it follows from Myers theorem that 

/ 777 — 1 

(3.7) diam(.M, g) < 7ry ^ . 

Lemma 3.8. The generalized scalar curvature is uniformly bounded from above, i.e., 
(3.9) S < L(m, K, A), 

where L = L(m, K, A) is a constant depending only on the numbers m, K and A. More¬ 
over, 

lim L(m,K, A) < +oo. 

A-0 


Proof of Lemma 13.81 We hrst observe that 

IIV/|| 2 = A/ + 2Xf + A (due to (ESD) 

= rnX — S + 2 A/ + A (due to (12.611 ) 

sC rn\ — mK + 2Xf + A. 

Put B := mX — mK + A + 1. Note that B is constant. Then, it follows from the last 
inequality just above that 2Xf + B ^ 1, and hence, 

HVfll 2 1 

< 310 > wh 

By compactness of the domain manifold A4, there exists some global minimum point 
q E Ad of the potential function. By the normalized condition (11.911 . we see that f(q) ^ 0. 
Therefore, for any point x E A4, 

\/2Xf + B[x ) — \/2Xf + B(q) ^ V-\/2A/ + B j • diam(A i,g) 


= 


max ■ 


l|V/|| 


V M y/2Xf + B 


< A • 7T 


m — 1 


K 


X ■ diam(A4, g) 


(due to (13.1 Op and (13.711 ) 


For simplicity, we put c m := X'Ky/m — 1. Then, it follows from the above that 


(3.11) 

Therefore, 


2A f(x) < 


K 


+ 2 c m \ 


S = mX- A / 

= mX + 2Xf — || V/|| 2 + A 

,,(c m ) 2 ^ 0 IB 
< mX T ——— T 2c„ 


(due to (12.611 ) 
(due to (13.611 1 

+ A. (due to (13.lip ) 


I< ' V K 

Hence, we can take the last number just above as L(m , K,A). 


Now, we can finish the proof of Theorem 13.51 For simplicity, we put 

:= {x E Ai : S(x) > mX} and fA \= {x E Ai \ S(x) < m\}, 


□ 































respectively. Then, we have 

1 r ( A /) 2 = 


vol (M,g) J M 


vol (M,g) J M 

1 f 


(,S — mA) 2 (due to (12.61) ) 

1 f 


(S - m\y + 


vo\(M,g) J n _ 


(mA - Sf 


< 


vol (M,g) J n+ 

——J— —RL —mA) [ (S - mA) + m 2 ■ (A — K) 2 . 
vol (M,g) K \/n + 


On the other hand, by integrating both sides of (12.61) . we have 


0= / ( S-m\)+ (S — mA). 




IQ- 


Therefore, 


vol (M,g) J M 

and hence, 

(3.12) 

However, we have 
1 


(A /) 2 < 


vol (M,g) 


(L — m A) / (mA — S) + m 2 • (A — K) z 


'U- 


^ (L — mA) • m ■ (A — K) + m 2 • (A — K ) 2 , 


(A/) 2 ^0 as K -»• A - 0. 


vol(Af,^) 


(A /) 2 = 


^(V/, V/) (due to Q2XED ) 


vol(7W,c/) J M vol(M,g)J M 

^ 2 AAA > 0, 

which contradicts (j3.12|) when K is sufficiently close to A. This proves Theorem 13.51 □ 
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